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Abstract
Using the extended Friedrichs scheme, we study the bottomonium counterpart of X(3872), Xb. In this scheme, a dynamically
generated virtual state below the BB¯∗ threshold is found, and there is a narrow lineshape peak at about 10615 MeV, just above
the threshold in BB¯∗ → BB¯∗. However, we find that the virtual state is not the main reason for the peak but it is the form
factor, which comes from the convolution of the interaction term and meson wave functions including the one from χb1(4P ),
that is responsible for the peak. The form factor also affects the lineshape of a dynamically generated broad resonance with
its mass and width at about 10672 MeV and 78 MeV, respectively, and suppresses the magnitude of the peak generated by
χb1(4P ) with its mass and width being about 10771 MeV and 6 MeV. This study emphasizes the importance of the structure
of the wave functions of high radial excitations in the analysis of the lineshapes, and provides a caveat that some signals may
be generated from the structures of the form factors rather than from poles.
After the famous enigmatic X(3872) was observed in
2003 [1], a series of exotic XY Z states were reported
by the experiments in the past decades. One interesting
property of these states, such as the Zc’s [2, 3], Zb’s [4],
like the X(3872), is their closeness to the nearby thresh-
olds such as D(∗)D¯∗ or B(∗)B¯∗, which also inspires the
speculations that they are hadron molecules bounded by
the long-range force of one pion exchange (OPE), similar
to the deuteron in the triplet np system [5, 6]. In fact,
dating back to 1991, by generalizing this OPE mechanism
from the np system to two-heavy-meson systems, some
bound states below their corresponding two-heavy-meson
thresholds were predicted by To¨rnqvist [7], especially a
bound state just below the DD¯∗ threshold which is close
to the X(3872) mass. Although the meson-exchange
mechanism is popular in understanding the appearance
of the hadron molecules, the production in hard process
of proton and anti-proton colliders [8–10] implies that
the X(3872) may contain a short-distance cc¯ core. Thus,
the idea of regarding the X(3872) as a mixture of cc¯ and
DD¯∗ gradually attracts the attention of the community,
as reviewed in refs. [11–14].
Due to the heavy quark symmetry, a natural question
is where the counterpart of X(3872) in the bottomonium
sector, dubbed the Xb [15], is. In the literature, the
OPE mechanism predicts that the BB¯∗ system is more
strongly bounded than the DD¯∗ system. A binding en-
ergy of about 42 MeV for the BB¯∗ + B∗B¯ system of
JPC = 1++ was obtained in refs. [16, 17], which means
that the bound state is located at about 10562 MeV. The
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existence of a bound state around the BB¯∗ threshold was
also qualitatively predicted by considering the isospin ex-
change mechanism in Ref.[18] and a further calculation
predicted the Xb mass to be 10585 MeV [19]. However,
according to the experiences in the calculations of the
X(3872), the meson exchange forces depend a lot on the
chosen types of the exchanged mesons and on the cut-
off introduced in regulating the high energy behavior of
the interaction [20, 21]. Another method to calculate
the properties of Xb is the effective field theory (EFT).
It seems that the EFT method with the heavy quark
symmetry are not sufficient to make a prediction of a
molecular bound state in the BB¯∗ system [22].
In this paper, we investigate this problem in an al-
ternative approach based on an extended Friedrichs
scheme [23–25] proposed by us in recent years. In this
picture, the X(3872) is dynamically generated as a mix-
ture of the cc¯ core and DD¯∗ continuum. This scheme
has proved to be successful in understanding the pecu-
liar properties of X(3872) in studying the charmonium-
like spectrum [26, 27] by incorporating the Godfrey-
Isgur (GI) model [28] and the quark pair creation (QPC)
model [29, 30]. One of the merits in applying the ex-
tended Friedrichs scheme in understanding the first ex-
cited charmonium states is that there is only one free
parameter, γ, the quark pair creation strength, in the cal-
culation. We will use this scheme to study the Xb state
by coupling the χb1(4P ) with BB¯
∗ + B∗B¯ and B∗B¯∗.
We find that a virtual state is dynamically generated
below the BB¯∗ threshold and the lineshape just above
the threshold has a peak structure, which seems to indi-
cate that there is an Xb virtual state generating a peak
structure. However, by careful analysis, we will show
that this peak structure is not contributed mainly by the
virtual state but by the form factor in the amplitude.
1
It is reasonable that the form factor which comes from
the convolution of the meson wave functions and interac-
tion terms may have nontrivial structures if higher radial
excitations with a few nodes in the wave functions are
included. We also show that the lineshape of another
dynamically generated broad resonance and magnitude
of the lineshape of a narrow resonance which is origi-
nated from the χb1(4P ) are also largely affected by the
structures of the form factors. These results shows that
when high radial excitations are involved, the effect of
the meson structure is important and may even generate
misleading peak signals. A crude use of a Breit-Wigner
to fit the peak may not reveal the correct nature of the
signal.
Let us first introduce the theoretical background. As
proposed in [23, 24], after the angular momentum decom-
position and restricted to a specific total angular momen-
tum, the interaction between a discrete state |0〉 hav-
ing a bare energy eigenvalue m0, and some continuum
two-particle states |E;n, SL〉, where E is the bare en-
ergy eigenvalue in the center of mass system (c.m.s) and
n, S, L denote the species, total spin and total orbital
angular momentum, respectively, can be expressed as a
Hamiltonian in the form of a Friedrichs model [23, 31],
H =m0|0〉〈0|+
∑
n,S,L
∫ ∞
Eth,n
dE E|E;n, SL〉〈E;n, SL|
+
∑
n,S,L
∫ ∞
Eth,n
dEfnSL(E)|0〉〈E;n, SL|+ h.c. (1)
where Eth,n is the threshold energy of the n-th con-
tinuum and fnSL(E) represents the coupling form fac-
tor of the bare discrete state and the n-th continuum
state. The eigenvalue problem of Eq. (1) could be ex-
actly solved [23, 24], and the scattering matrix element
of the initial and final continuum states (the subscript i
and f include their total spin S and angular momentum
L) could be expressed as
Sfi(E,E
′) = δ(E − E′)
(
δfi − 2πifi(E)ff
∗(E)
η+(E)
)
. (2)
where the resolvent η±(x) is defined as
η±(x) = x−m0 −
∑
n,S,L
∫ ∞
En,th
|fnSL(E)|2
x− E ± i0dE . (3)
The η± function can be analytically continued to the
complex energy plane to be a complex analytic function
η(z) for z ∈ C with its boundary values η(x±i0) = η±(x)
on the real axis. Every continuum integral will con-
tribute a discontinuity for the η(z) function and doubles
the number of Riemann sheets. For example, in a two-
channel case, there are two thresholds, a1 and a2. The
physical region between a1 and a2 is attached to the sec-
ond sheet, and the physical region above a2 is attached
to the third Riemann sheet. The solutions for η(z) = 0
on the unphysical Riemann sheets will be the poles for
the S-matrix, which represent the generalized eigenstates
with complex eigenvalues (called Gamow state) for the
full Hamiltonian [32, 33]. The wave functions of different
poles could be explicitly written down [23, 24]. In gen-
eral, only the poles on the Riemann sheets closest to the
physical region will significantly contribute to the observ-
ables such as the cross sections or scattering amplitudes.
Oncem0and f
n
SL are determined, the scattering ampli-
tude and the poles are all determined. A simple method
is to use the QPC model [29, 30] to describe the in-
teraction between one meson and two-meson continuum
states. The transition operator T in the QPC model for
the A→ BC process is defined as
T = −3γ∑m〈1m1−m|00〉 ∫ d3 ~p3d3 ~p4δ3(~p3 + ~p4)
Ym1 ( ~p3− ~p42 )χ341−mφ340 ω340 b†3(~p3)d†4(~p4), (4)
describing the process of a quark-antiquark pair being
generated by the b†3 and d
†
4 creation operators from the
vacuum. φ340 = (uu¯ + dd¯ + ss¯)/
√
3 is the SU(3) flavor
wave function for the quark-antiquark pair. χ341−m and
ω340 are the spin wave function and the color wave func-
tion, respectively. Ym1 is the solid Harmonic function.
γ parameterizes the production strength of the quark-
antiquark pair from the vacuum. The definition of the
meson mock state here reads
|A(nr, 2s+1lj)(~P )〉 =
∑
ml,ms
〈lmlsms|jm〉
∫
d3pψnrlml(~p)
× χ12sms φ12 ω12
∣∣∣q1
( m1
m1 +m2
~P + ~p
)
q¯2
( m2
m1 +m2
~P − ~p
)〉
.
χ12, φ12 and ω12 are the spin wave function, flavor wave
function and the color wave function, respectively. p1
(p2) and m1 (m2) are the momentum and mass of the
quark (anti-quark). ~P = ~p1 + ~p2 is the momentum of
the center of mass, and ~p = m2~p1−m1~p2
m1+m2
is the relative
momentum. ψnrlml is the wave function for the bare
meson state, with nr being the radial quantum number,
l the relative angular momentum of the quark and anti-
quark, and ml its third component.
By the standard derivation one can obtain the coupling
form factor between |A〉 and |BC〉 in the Friedrichs model
by fSL(E) =
√
µpMSL(p), where µ is the reduced mass,
p =
√
2MBMC(E−MB−MC)
MB+MC
is the momentum of B or C
in their c.m.s., MB and MC being the masses of meson
B and C respectively, and MSL is the L-partial wave
amplitude with the total spin S of the two-particle state.
When the wave functions and the masses of the bare
states are given, the form factor fSL can be obtained,
and thus, from Eq. (2), the scattering amplitudes of
the particular channels can be obtained and the bound
states, virtual states or resonant states could be solved
from ηnth sheet(z) = 0 on the nth Riemann sheet. The
G(z) ≡ fi(z)f∗f (z) in Eq. (2) will be called residue func-
tion in the following.
We will use the GI model to supply the wave func-
tions and the mass of the bare state, because it has been
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FIG. 2. The trajectories of poles on the complex energy plane
as γ increases. The I , II , and III denote the sheet numbers
of the poles as described in the text. Left: zv, zR1, and zR2
with both BB¯∗ and B∗B¯∗ continua. Right: z′R2 poles with
only the B∗B¯∗.
proved globally successful in predicting meson states be-
low the open-flavor thresholds. The predicted mass of
χb1(4P ) by GI is about 10790 MeV. Since the BB¯
∗ chan-
nel opens above about 10604 MeV and the B∗B¯∗ channel
opens above 10649 MeV, it is natural to conjecture that
the χb1(4P ) state will couple to the open B
0B¯0∗ + h.c.,
B+B¯−∗ + h.c., and B0∗B¯0∗ +B+∗B¯−∗ channels.
The wave functions of B, B∗, and χb1(4P ) could be
obtained from the GI model with all the model pa-
rameters fixed at their original values [28]. Then, the
only undetermined parameter in our calculation, γ, is
chosen at about γ = 4.0, where the X(3872) and the
first excited charmonium states could be reproduced si-
multaneously [26, 27]. By solving the zero points of
η(z), three states are found near the physical region: a
virtual-state pole on the second Riemann sheet below the
BB¯∗ threshold at zv = 10593 MeV, a pair of conjugate
poles at zR1 = 10771 ± 3i MeV on the third Riemann
sheet and another pair of third-sheet conjugate poles at
zR2 = 10672± 39i MeV. From the curves of | 1η(E+i0) | in
Fig.1, one can see that the virtual state pole contributes
a small cusp at the BB¯∗ threshold, while the other two
states contribute two peaks around the corresponding en-
ergies.
One may wonder where these states come from. Their
origins could be revealed by tracking their pole trajecto-
ries along with the change of γ, as indicated in Fig. 2. As
γ becomes smaller, the virtual-state pole zv moves down
towards the negative infinity on the real axis, remain-
ing as a virtual state. Conversely, if γ is turned larger,
the virtual state will move up along the real axis and
reach the threshold at γ ≃ 8.5, and then it will come
up to the first sheet becoming a bound state. This kind
of behavior is the typical behavior for dynamically gen-
erated states in S-wave with attractive interaction [25].
Therefore, the state can be viewed as dynamically gen-
erated mainly from the S-wave interaction between the
bare χb1(4P ) state and BB¯
∗ continuum.
As γ becomes smaller and at last is turned off, the
zR1 pole moves to the position of the bare state χb1(4P ).
This reveals that this state is originated from the bare
χc1(4P ) state and obtains a width of about 6 MeV by
coupling to the open thresholds when γ = 4.0.
The behavior of the zR2 pole is a little complicated. As
γ increases, the zR2 pole pair on the third sheet will come
close to the B∗B¯∗ threshold but will not reach the real
axis. When γ becomes large enough and the real part of
the pole is roughly below the B∗B¯∗ threshold, they will
separate and move apart on the complex plane as shown
in Fig. 2. The origin of zR2 could be clarified by switch-
ing off the interaction with the BB¯∗. If χb1(4P ) only in-
teracts with the B∗B¯∗ continuum, there will be only one
cut and two Riemann sheets. As the interaction becomes
stronger, the z′R2 poles, which correspond to the third-
sheet zR2 poles in two-continuum case, will move towards
the B∗B¯∗ threshold and merge with the threshold there,
and then they move separately onto the real axis on dif-
ferent Riemann sheets, becoming a bound state pole and
a virtual state pole, as shown in Fig. 2. This kind of pole
trajectory is typical for the states in higher partial waves
with attractive interaction. On the contrary, if we keep
the interaction between χb1(4P ) and BB¯
∗, the pole just
moves on the complex plane when γ changes. Therefore,
we conclude that the zR2 is mainly generated from the
interaction between χb1(4P ) with B
∗B¯∗.
Thus, it is because the S-wave interaction plays a cru-
cial role in the formation of zv and theD-wave interaction
is responsible for the formation of zR2 that the behaviors
of these two dynamically generated poles, zR2 and zv, are
different.
The scattering process of the continuum states is de-
scribed by Eq. (2). As shown in Fig. 3, |TBB¯∗→BB¯∗ |2 ex-
hibits a very narrow peak in the lineshape just above the
threshold. If this peak is able to be observed in the ex-
periments and its lineshape is blindly fitted with a Breit-
Wigner formula, it will be concluded that there is a state
with a mass about 10615MeV and a width about 15 MeV
by a rough estimation. However, as we have shown, there
is no such a zero point of the resolvent function and one
can hardly imagine that the virtual state at zv, about 10
MeV below the threshold on the second sheet, can gener-
ate such a narrow structure near the threshold. In fact,
this lineshape peak is mainly contributed by the residue
function in Eq. (2), i.e. the
∑
SL |fnSL(E)|2 terms, but
not by the virtual state. This statement can be clari-
fied by comparing the |1/η| behavior in Fig. 1 and the
residue function behavior in Fig.3. Even though γ is in-
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FIG. 3. The residue functions of BB¯∗(left) and B∗B¯∗(right)
are shown in the first row. The absolute square of scat-
tering amplitudes of BB∗ and B∗B∗ with γ = 4.0(solid),
4.9(dashed), and 5.6(dotted), respectively, are shown in the
second row.
creased to about 5.6, the virtual-state pole will move to
10600MeV and its contribution to the threshold enhance-
ment for |1/η| is still not significant as shown in Fig. 1.
Only if γ is tuned up to 8.0, about twice of the original
4.0, when the virtual state comes fairly close to the BB¯∗
threshold, its contribution will be significant. However,
the residue function behavior shown in Fig.3 presents a
peak just around the peak in |T |2. Since the coupling
function fnSL(E) in the residue function is obtained from
the QPC model and thus comes from the overlap of the
meson wave functions. For mesons with higher radial
quantum number, such as χb1(4P ) here, there would be
more nodes in the radial wave function of the mesons.
Therefore, one can imagine that it is possible to gener-
ate some wavy structure like in BB¯∗ scattering in Fig. 3
after the convolution of three meson wave functions and
the interactions.
In the B∗B¯∗ scattering, zR2 and the residue function
together will contribute a bump structure, which also ap-
pears in the BB¯∗ scattering. The residue function also
plays a role in this structure. The zR2 has a broad width
of about 78MeV at γ = 4.0, which is expected to be a very
mild structure. In BB¯∗ the line shape around this state
is much more enhanced than in B∗B∗. This is because its
position is in a sharply rising part of the residue function
in BB¯∗, being closer to the maximum of the bump in
the residue function than in B∗B¯∗, and also because po-
sition of the valley of the residue function comes below
zR1 in BB¯
∗. Thus, this bump structure gets its shape
much more from the residue function than from the pole,
which can easily be seen by comparing Fig. 1 and Fig. 3.
Even though the zR1 state is a very narrow state which
receives less influence from the residue function, a careful
observation shows that in the BB¯∗ channel the position
of χb1(4P ) state is just inside the valley of residue func-
tion, and as a result, its maximum contribution in |T |2 is
comparable to the maximum of the zR2 bump, while in
B∗B¯∗, its peaks is rather sharper and higher compared
to the mild structure from zR2.
In summary, we utilize the extended Friedrichs scheme
with the wave functions and spectrum from GI model
as input to study the pole structure of BB¯∗ and B∗B¯∗
scatterings by coupling χb1(4P ) with BB¯
∗ and B∗B¯∗.
In this analysis we demonstrate that when higher radial
excitation states are involved in the interaction, the non-
trivial structure of the form form factor may play an
important role in the experimentally observed lineshapes
and may generate misleading bump signals. In partic-
ular, a near-threshold peak structure appears in BB¯∗
channel, which may be interpreted as the counterpart of
X(3872) in BB¯∗. However, we have shown that this peak
is mainly generated by the residue function in the ampli-
tude constructed from the form factor rather than by a
dynamically generated second sheet virtual state near the
threshold, around 10593 MeV. A broad dynamically gen-
erated resonance with a mass around 10672 MeV and a
width around 78 MeV is also found in this system. How-
ever, the contribution from this broad resonance to the
line shape is also largely modified by the residue func-
tion. The mass and width of χc1(4P ) is found to be
about 10771 MeV and 6 MeV, respectively. The relative
magnitude of the peak generated by this narrow reso-
nance may also be suppressed by a valley of the residue
function. The nontrivial structure in the form factor is
closely related to the nodes in the meson wave functions
for high radial excitations. Thus, the precise structures
of the meson wave functions would play more and more
important roles when the radial quantum number for the
states involved become larger and larger. This may also
be a reason for the ineffectiveness of the EFT approach
in the discussions of the higher radial excitations. In the
EFT, the states are assumed to have no internal struc-
tures and the information of the form factors is absorbed
into the coupling constants. One can imagine that the
EFT must go to higher orders to reproduce the nontriv-
ial behaviors of the form factors or must include some
form factors inserted by hand without any solid theoret-
ical ground, which may constrain the effectiveness of the
theory.
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